We derive a formula describing the transformation of the Hawking-Hayward quasi-local energy under a conformal rescaling of the spacetime metric. A known formula for the transformation of the Misner-Sharp-Hernandez mass is recovered as a special case.
ing section derives the desired transformation property (eq. (35) , which is the main result of this paper). We then check that, in the special case of spherical symmetry, this formula reproduces the known one for the transformation of the Misner-Sharp-Hernandez mass.
II. HAWKING-HAYWARD QUASI-LOCAL ENERGY
The Hawking-Hayward mass M H [6, 7] is a functional of the spacetime metric g ab and of an embedded (spacelike, compact, and orientable) 2-surface S defined by
(1) where R is the induced Ricci scalar on S, θ ± and σ ± ab are the expansion and shear tensors of a pair of null geodesic congruences (outgoing and ingoing from the surface S), ω a is the projection onto S of the commutator of the null normal vectors to S, µ is the volume 2-form on the surface S, and A is the area of S.
A. The surface S
A co-dimension 2 surface S in a 4-dimensional spacetime is defined as the set of points where two independent functions take constant values. Let us call these functions φ (1) and φ (2) . Then,
Different 2-dimensional surfaces can be defined by choosing different constants φ (i) 0 , indeed entire 2 parameter foliations of the 4-dimensional manifold can be defined in this way for certain choices of the functions φ (i) in special circumstances.
Even before invoking a metric, we can associate two 1-forms with the surface S by
whose restriction to the set S defines the 'normal direction' 1-forms -since there is no metric yet we don't have a notion of orthogonality and we do not have a canonical way to define 'normal vectors' by raising the indices on l a and n a . These 1-forms clearly satisfy
which are the conditions for the 1-forms l and n to be closed, dl = 0 = dn. This implies the metric-independent condition of hypersurface orthogonality on both l and n n ∧ dn = 0 = l ∧ dl.
The condition of hypersurface orthogonality for a 1-form is more general than the closure condition: 1-forms proportional to the differential of a function, f dg (where g and f are functions), are in general not closed but are hypersurface orthogonal
That is, we are free to scale the 1-forms l and n by arbitrary functions without spoiling their hypersurface orthogonality.
We note that there is also considerable freedom in the functions φ (i) defining S since any other set of two (sufficiently nice) independent functions ψ (i) (φ (1) , φ (2) ) will define the same set S.
Introducing now a metric g ab , we impose that both l and n be null g ab l a l b = 0 = g ab n a n b and from them form the scaled 1-forms
where l·n ≡ g ab l a n b . In general, null normals do not have a canonical scaling in contrast to the timelike and spacelike cases where we can normalise to ∓1. Our particular choice of scaling for the null normals implies that l a n a = −1 (9) so that the induced metric on the surface S is written as
We note also that in the null case there is a restricted freedom on the functions φ (i) ; only un-mixed reparametrizations ψ (i) (φ (i) ) leave the null condition on the normals intact.
One often finds in the literature the double-null construction based on the vectors L a and N a defined by
which have the property of Lie-dragging the 3-surfaces of constant φ (i) :
Despite appearances, this property is not sufficient to define the basis vectors ∂/∂φ (i) and would only do so in the case that the commutator of L and N is orthogonal to the surface S, that is h ab [L, N ] a = 0, a condition known as 'surface-forming'. In general, the partial derivative ∂/∂φ (i) contains also a component tangent to S: ∂/∂φ (2) = L + r where h ab r a = 0 (13) and similarly for N . Such considerations play a role in the 2+2 formulation of general relativity (see e.g. [12] ). Note that while l (and n) is tangent to an affinely parametrized geodesic,
l a (nor n a ) is not, but is still tangent to a non-affinely parametrized geodesic. Defining e m := √ −l · n we have
where L is the Lie derivative. A similar result holds for n a .
The quantities appearing in the definition of the Hawking-Hayward energy are defined in terms of Lie derivatives in the directions l and n. The expansions θ ± and shears σ ± ab are defined by
while the anholonomicity ω a is defined by the commutator of l a and n a (or l a and n a ):
where [ , ] is the Lie bracket. Note that the anholonomicity is invariant under rescaling of the normals. These definitions are textbook-standard except for the anholonomicity ω a which deserves special mention. Usually 1 when one is dealing with a single null congruence v a , one introduces an auxiliary null vector u a such that v a u a = −1 and defines a 2-form ω ab called the twist
This object is important because it vanishes if and only if v
a is hypersurface-orthogonal (it is proportional to the gradient of a scalar). This object is not independent of the auxiliary vector [13] but its square ω ab ω ab is. One can show that if ω ab = 0 for some choice of u a , then it is zero for all choices of u a , so the vanishing of ω ab is a u a -independent condition [14] and hence hypersurface orthogonality does not depend on the choice of auxiliary u a . What we have here is somewhat different. We are dealing here with a single 2-surface which is the intersection of two null 3-surfaces. The vectors l a and n a certainly are hypersurface-orthogonal individually to these null 3-surfaces and hence both possess vanishing ω ab , but this is not what the anholonomicity ω a is measuring (otherwise it would trivially vanish in this 2+2 formulation). The anholonomicity describes how the two l a and n a vectors 'weave together' (integrate to) a 2-dimensional hypersurface, whether they are really tangent to a genuine 2D submanifold. Now this 'integral' sub-manifold, if it exists, is not S, but the orthogonal complement S ⊥ since the l a and n a vectors are orthogonal to S.
III. TRANSFORMATION OF THE HAWKING-HAYWARD ENERGY UNDER CONFORMAL MAPPINGS
We now consider the relationship between M H defined with respect to two different metrics g ab andg ab which are related by a conformal factor
Of course, since the surface S is defined independently of the metric, we are considering how the energy content contained within a single surface changes when one scales the metric as above. In the expression (1) (with respect to the metricg) of the Hawking-Hayward mass of a 2-surface S in the conformally scaled world, the area of this surface is
Unless Ω is constant on S, one cannot extract it from the integral and we have
Only when Ω is constant on S can we write Ã = Ω √ A. This expression will be used in the integral defining the quasi-local energy.
We will make use in what follows of the contracted Gauss equation [7] 
which provides a very useful expression of a part of the Hawking-Hayward energy in terms of simpler quantities. In the conformally rescaled world we havẽ R +θ +θ− − 1 2σ
Using the fact thath ab = Ω −2 h ab and the well known transformation property of the Riemann tensor under conformal transformations (e.g., [2] , p. 466)
and, lowering one index,R
it follows that
where h a b is a 2-dimensional Kronecker delta. By computing the terms appearing on the right hand side of this equation, one obtains
Putting everything together gives R +θ +θ− − 1 2σ
Using now the fact (which we will prove below) that
the integrand in the Hawking-Hayward quasi-local energy is seen to transform as
The Hawking-Hayward quasi-local energy itself then transforms according tõ
One can also arrive at this final result (35) by transforming directly the ingredients from which M H is constructed. The 1-forms l a and n a in eqs. (3) and (4) are defined independently of the metric and therefore are unchanged under conformal transformations.
Hencel
and, similarly,ñ a = Ω n a . We also havẽ
Note that in the conformal world we still have the conditionl
so that the metric is still expressed as h ab =g ab +l añb +l bña .
As an aside, and for ease of computation, it is easy to show that
whence it follows that
The Ricci scalar of the 2-surface S transforms under the conformal transformation as
where D a is the covariant derivative on S which is defined with respect to the metric h ab and whose action is related to the 4-dimensional ∇ a by, using the example of a (1,1)-tensor,
We can re-express everything in terms of the 4D covariant derivative as follows
In the last line we have made use of the equivalent definition for the expansion θ n := h ab ∇ a n b and similarly for θ l . We are then left with
Note the cancellation of the cross terms in θl and θn when combining eqs. (48) and (42).
We also havẽ
where we have usedl a =g
. Combining these terms we arrive at the result (35) obtained above.
IV. SPHERICAL SYMMETRY
As a check of the formulae derived above, it is useful to discuss spherically symmetric situations. In spherical symmetry the Hawking-Hayward quasi-local energy reduces [7, 10] to the Misner-Sharp-Hernandez mass [5] . The transformation property of the Misner-SharpHernandez mass under conformal mappings was recently reported in Ref. [11] . A spherically symmetric metric can be put in the form
where dΩ 2 (2) = dθ 2 + sin 2 θ dϕ 2 is the line element on the unit 2-sphere and R is the areal radius. Under a conformal transformation with conformal factor Ω = Ω(t, R) (to preserve spherical symmetry), this line element becomes ds 2 = Ω 2 ds 2 and the areal radius isR = Ω R. The Misner-Sharp-Hernandez mass in the rescaled world is simply [11] 
In spherical symmetry, a sphere S of constant radius R has area A = 4πR 2 , Ã = Ω √ A, and h ab = diag R −2 , R −2 sin −2 θ . In order to check whether eq. (35) reproduces eq. (51) correctly, one needs to compute the various terms in the integrand of eq. (35). The integrand is constant over a sphere of constant radius and the integral reduces to the product of the integrand and the area 4πR 2 of this sphere. We have Ω 8π
and Ω 8π
Since Ω = Ω(t, R) we have ∇ a Ω =Ω δ a0 + Ω ′ δ a1 , where a dot and a prime denote differentiation with respect to t and R, respectively. Then it is h ab ∇ a Ω∇ b Ω = 0 and we are left only with the quantity −h ab ∇ a ∇ b Ω to compute. We have
Using the line element (50), the Christoffel symbols are easily computed:
which yields
and
This is the third term on the right hand side of eq. (51); in fact,
and the transformation property (51) of the MisnerSharp-Hernandez mass is indeed a special case of eq. (35).
V. DISCUSSION
Contrary to other notions of quasi-local energy, the transformation property of the Hawking-Hayward quasilocal energy is not discussed in the literature. This concept requires one to analyze the two null (outgoing and ingoing) geodesic congruences associated with a 2-surface S, and to compute their optical scalars and anholonomicity. We have presented the relevant calculations, taking care to impose the normalization of the null normals used in the Hawking-Hayward quasi-local energy definition [6, 7] , in both the original and the conformally rescaled worlds. Putting together the various pieces, one arrives at the desired transformation property (35) for M H . The result is reproduced by the calculation which involves the contracted Gauss equation. In the special case of spherical symmetry, in which the Hawking-Hayward quasi-local energy reduces to the Misner-Sharp-Hernandez mass [7, 10] , we recover a previous result on the transformation of this quantity under conformal rescalings [11] further confirming our general result.
Given the wide use of conformal transformations in cosmology and black hole physics, we expect the result obtained here to be useful in these areas. An application to cosmological perturbations will be reported elsewhere [15] .
